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PROXIMITY INEQUALITIES AND BOUNDS FOR THE DEGREE
OF INVARIANT CURVES BY FOLIATIONS OF P2

ANTONIO CAMPILLO AND MANUEL M. CARNICER

ABSTRACT. In this paper we prove that if C is a reduced curve which is in-
variant by a foliation F in the complex projective plane then one has 9°C <
0%F 42+ a where a is an integer obtained from a concrete problem of imposing
singularities to projective plane curves. If F is nondicritical or if C' has only
nodes as singularities, then one gets a = 0 and we recover known bounds. We
also prove proximity formulae for foliations and we use these formulae to give
relations between local invariants of the curve and the foliation.

0. INTRODUCTION

Let F be a holomorphic singular foliation by curves of the complex projective
plane PZ. We will denote by S(F) the set of singularities of F and we will always
suppose that S(F) is a finite set. Moreover, we will suppose that there exists an
algebraic curve C of PZ which is invariant by F (geometrically, this means that
C — S(F) is aleaf of F). Already Poincaré in [13] studied the problem of bounding
the degree of C. Recently the second author [5] has proved that 9°C < 9°F + 2
when there are no dicritical singularities of the foliation on the curve. The same
inequality had been showed by D. Cerveau and A. Lins Neto [7] for any F vhen all
the singularities of the invariant curve are nodal. However, a bound of the degree
of C' only in terms of the degree of the foliation cannot be expected in the general
case. To see that, we consider the family of foliations {F, },en where F, is given by
the homogeneous differential form w, =p-Z-Y -dX-Z-X-dY+(1-p)-Y-X-dZ.
Then F, has degree 1 but the algebraic curve given by X? —Y - ZP~! is invariant
by F, and has degree p.

In this paper we prove that if C' is a reduced curve which is invariant by a
foliation F in PZ then one has

°C<Id*F+2+a

where a is an integer obtained from a concrete problem of imposing singularities
to projective plane curves. More precisely, assume that S(F) = {p1,...,p:} is the
singular set of F, A is the set of all points infinitely near the points in S(F), and
f: A — Z a map with finite support such that

Vg(C) 4 s¢(F) < vg(F)+ 1+ £(q)
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for every g € A (where v, stands for the multiplicity and sq(F) for the number of
invariant components of the exceptional divisor crossing ¢). Then a can be taken
to be a positive integer for which there exists a polynomial of degree a satisfying
all the virtual conditions imposed by ¢ [6]. If F is nondicritical or if C' has only
nodes as singularities, then one gets a = 0, so we recover the bounds respectively
given in [5] and [7]. On the other hand, as an application, if we fix the number
of tangents at the dicritical infinitely near points, or if we fix the equisingularity
types of the curve at the singular points of F, then good concrete values of a can be
obtained from the fixed data, the corresponding bounds being reached in particular
examples.

In the problems of imposing singularities, the proximity relations and formulae
are natural tools (see Casas [6], Campillo, G.-Sprinberg, Lejeune [3] and Lipman
[11],[12] for recent uses and applications). In our paper, we also prove proximity
formulae for foliations and we use these formulae to give relations between local
invariants of the curve and local invariants of the foliation. The proximity formulae
and the proximity ideas also are the main tool and the unifying element in the

paper.

1. LOCAL PRELIMINARIES

Let S be an analytic manifold of dimension two and F a holomorphic singular
foliation by curves of S. For fixed p € S, take local coordinates {z,y} at p and
a local generator D = a - a% +b- %, a,b € C{x,y}, of the Og p-module F,. We
will denote by vp,(F) the minimum of v(a),v(b) (where v(—) stands for the order
of power series).

Let B be an analytic branch passing through p and ¢: C{z,y} — C{t} a prim-
itive parametrization for B. If B is invariant by F then D induces a derivation
D: C{t} — C{t} such that Do ¢ = po D. In this case write D = h - 4 heC{t},
and denote by w,(F, B) the order v(h), which is independent of the choice of D
and ¢. Now, if ¢ is given by the power series p1 = p(x), 2 = ¢(y) € C{t}, then

h-——==Dogp(x) =poD(x)=a(p1,¢2)
and the same equality holds for y, so one has

v(a(pr,p2)) —v(p1) + 1 if o1 #0,
/LP(]:’B) =

v (b(p1,p2)) —v(p2) +1 if oo #0.

Let us remark that p,(F, B) = 0 if and only if p is a regular point of . If B is not
invariant by F denote by ¢,(F, B) the order of ¢*w, where w =b-dz —a - dy, i.e.

) = (Mon ) Tt~ aliren) T2 )
If p is a regular point of F then ¢,(F, B) + 1 is the intersection number at p of B
and the leaf of F passing through p.
Let 7: S — S be the blowup of S with center p. The blowup 7 is called nondi-
critical if the exceptional divisor E = 7~!(p) of 7 is invariant by the strict transform
F’ of F by m. Otherwise, 7 is said to be dicritical. If B’ is the strict transform of
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B by 7 and p’ is the only point in £ N B’, then when B is invariant by F one has

pp (F', B') + vp(B) - vp(F) if 7 is dicritical,

1 F,B) =
Wl ) {up/ (F',B") +vp(B) - (vp(F)—1) if w is nondicritical,

else

L (F',B") + vp(B) - (vp(F) + 1) if 7 is dicritical,
(2) Lp(va): 7 / . . s e
tp (F'y B") + vp(B) - vp(F) if 7 is nondicritical.

Let C be a reduced algebraic curve in S. If C is invariant by F (i.e., if all its
components are invariant) we will denote by p(F,C) the sum of u,(F, B) for all
p € C and for all branches B of C passing through p. If no one of the irreducible
component of C is invariant by F we will denote by ¢(F,C) the sum of all the
1p(F, B). By looking to the local expressions of 7" and S it is easy to see that

w(F' E) =v,(F)+1 if 7 is nondicritical,

3)
UF',E)=vp(F)—1 if mis dicritical.

Assume that p € S(F) and let A\ and p be the eigenvalues of the linear part
of D. The point p is called a simple singularity of F [14] iff A # u # 0 and
% ZQr ={aeQ/a>0}. Moreover, if A = 0 then p is called a saddle-node. The
simple singularities are “preserved” by blow-up: if p is so, then there are exactly two
singularities in F, which are both simple; if we blow-up one of these singularities
we obtain two more simple singularities, but one of them is the intersection with
the strict transform of E. Thus, there exist exactly two nonsingular formal curves
passing through p which are invariant by the foliation. One of these curves may be
nonconvergent but both of them are convergent if p is not a saddle-node [1]. In this
last case, if By and By are the invariant curves, one has u,(F,B;) =1,i=1,2.

A sequence of blowups over p is a sequence

(4) S, T8, T2 g TG =8
where m; is the blowup of S;_; with center p;_1 € S;_1, 71 =1,...,n, pg = p and
momgo---om(p;) = p, it =1,....,n. The Seidenberg’s result of reduction of

singularities [14] say us that there is a sequence of blowups over p such that

(a) if Fo = F and F; represents the strict transform of F;_1 by m; then p; € S(F;),
1=0,...,n—1;

(b) each ¢ € S, with m omg 0---0m,(¢) = p is either nonsingular or a simple
singularity of F,.

A sequence of blowups as above is called a resolution of F at p.

Take a resolution of F at p. The point p is called dicritical if there exists
1 € {1,2,...,n} such that m; is dicritical. Otherwise, it is called nondicritical.
This condition is independent of the resolution (the blowup with center a simple
singularity is nondicritical) and p nondicritical is equivalent to saying that the
number of invariant branches by F passing through p is finite (see [4]). The foliation
F is called a generalized curve at p iff every g € S,, with my o 0---0om,(¢) =p is
not saddle-node. If F is locally generated at p by df for some f € C{z,y} then p
is a nondicritical singularity and F is a generalized curve at p (see [2]).
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2. GLOBAL PRELIMINARIES

Let F be a holomorphic singular foliation by curves of PZ. If L is a generic
straight line of P% (and so L N S(F) = () then the number of tangencies between
L and F, that is, points p € L such that the leaf of F passing through p is tangent
to L, is called the degree of F and it will be denoted by “F. The foliation F can
be given by a homogeneous differential form

2
Q= ZAi(ZEQ, ZZ?l,LZJQ) . dZIJi, A; e (C[ZC(), X1, ZZ?Q], 1=0,1,2,
i=0

on C3 with ged(Ag, A1, A2) = 1 and R(2) = 0, where R = xo-%—l—xl-a%l—i-xg-aim
is the radial vector field (that means Z?:o x;-A; = 0 and it implies that QAdQ = 0).
In the affine chart x5 # 0 with coordinates X = fﬁ—g and Y = i—; the foliation is
given by w = Ag(X,Y,1) - dX + A1(X,Y,1) - dY. There is a tangency between
X =0and F at (0,«) iff « is a zero of A;(0,Y,1). Taking general coordinates,
there is not a tangency at the point zo = 29 = 0 and the zeroes of A;(0,Y,1) are
pairwise different so 9°F = 9% A4,(0,Y,1). By the condition R(2) = 0 one has
0% A1(0,Y,1) = 0% Ay (0, 21, 72) — 1 so one can conclude:

O°F=0"0—1.

Let C be a reduced algebraic curve in IP’% and assume that C' is invariant by F.
Choose the coordinates such that C cuts (zo = 0) in exactly “C points which
are regular points of F. The restriction to C' of the vector field Ag(X,Y,1) - % -
A (X,Y,1)- % extends to a meromorphic vector field D on C' and D has a pole of
order &* F —1 at each point of C'N (z3 = 0). Let n: C' — C be the normalization of
C and D the pull-back of D by n. If for each g € C we denote by Cy the branch of C
passing through n(g) given by ¢ then, from the definition, one has that p, ) (F, Cy)
is the order of D at the zero q. For p € C'N (zo = 0) then n is an isomorphism
at the neighbourhood of p, so the order of D at the pole n~Y(p)is 9°F — 1 and
pp(F,C) = 0. Now one can apply the theorem of Poincaré-Hopf for D and obtain
[7):

(5) wW(F,C)=x(C)+ (0°F -1)-8°C

(in the case of C reducible the above formula is nothing but the sum of the corre-
sponding formulae for the irreducible components of C).

3. PROXIMITY INEQUALITIES

Let S be an analytic manifold of dimension two and p € S, IN(p) the set of
points infinitely near to p, 7” the blowup with center p and E? = (7?)~!(p) the
exceptional divisor. If F is a singular holomorphic foliation by curves of S we define
ep(F) to be 0 if 7P is nondicritical (i.e., if EP is invariant by the strict transform
of F) and 1 if 7P is dicritical. If ¢ € IN(p) let 07: S — S be the composition of
blowups such that ¢ € S?, and e4(p) the number of irreducible components of the
exceptional divisor (¢9)~!(p) passing through gq.

Given an analytic curve C in S’, where S’ is S or is obtained from S by compo-
sition of successive blowups, we will write ¢ € CNIN(p) if ¢ € IN(p), o factorizes
by S’ locally at g and ¢ € C?, C'? being the strict transform of C' in S?. If we speak
about some invariant of C' at ¢ we are referring to the corresponding invariant of
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C? at ¢ (for instance, ¢ € CNIN(p) iff v4(C) > 1). We will follow a similar rule for
foliations in S’. Then, if F is as in the last paragraph, e,(F) takes a sense and one
can write eq(p) = s4(F,p) + s,(F,p) where s,(F,p) is the number of irreducible
components of (¢9)~!(p) wich are invariant by F (now, this expression makes sense)
and s;(F, p) is the number of those ones that are not invariant.

Lemma 3.1 ([2]). Let B be a branch passing through p € S which is not invariant
by F. Consider the infinite sequence of blowups

Tn+1 e Tn—1 T ™1
n_’Sn_n’Sn—lL’—>Sl—>SO:S

(pi the center of mit1, po = p) given by the condition p; € BN IN(p). Then there
exists N € N such that v,,(F,B) =0 for all i > N.

Proof. From (2) one has v,,(F,B) > tp,,(F,B), and the inequality is strict if
vp,(F) > 1 (because vy, (B) > 0 for all ¢ € N), so there exists N € N such that
tpn (F,B) = 1, (F,B) and v, (F) =0 for all j > N. If 1, (F, B) # 0 and L is the
leaf passing through py then L and B are tangent. Then pyy1 is a regular point
with two invariant curves passing through it (the strict transform of L and EPY)
which is a contradiction. O

Definition 3.2. Given ¢ € IN(p) we will say that ¢ is a point proximate to p,
and we denote it by ¢ — p, if ¢ € EPNIN(p). If ¢ € IN(p) then the height of
q is defined to be “the number of blowups under ¢”, that is to say, the number
of blowups that we have to do to obtain ¢ from p. The height of ¢ is denoted
by ht(g;p) or simply ht(q) if it does not cause confusion. Let us remark that ¢ is
proximate to p of height 1 if and only if ¢ € EP.

Remark 3.3. Let C' be an analytic curve in S passing through p. From the classical
Noether’s formula (with our notation, v,(C) = >_ ¢ gy I4(EP, C), where I, repre-
sents the intersection number for curves at ¢) and looking at the evolution of the
intersection number by blowups, we can easily obtain the proximity equality

vp(C) =D 14(C).
q—p
Lemma 3.4. Given S and F, take a sequence of blowups over p € S as in (4). Let
E(1) be the exceptional divisor EP and E(i + 1) the strict transform of E(i) by ;.
For each i € {0,...,n—1}, let ¢, = &, (F).
(a) Ifeqg =1 then
vp(F) = 1= (1, (Fi) + &) + UFn, E(n)).

pbi—Pp

(b) Ifeo =0 then
vp(F)+1= Y (05 (F) +&i = 1) + p(Fa, E(n)).

pi—p
Proof. Tt is an easy consequence of (3) by applying (1) or (2) to each blowup. O

Proposition 3.5. Let F be a foliation by curves of S andp € S.
(a) If ep(F) =1 then

vp(F) = 1= vy(F) + £4(F).

q9—p
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(b) Ifep(F) =0 then
() +12> Y (P +eg(F)+ Y. (g(F) +eg(F) - 1)

q—p q—p
ht(q)=1 ht(q)>2

and the equality holds if F is a generalized curve at p.

Proof. One can identify the set of points proximate to p with the set E? x N by
doing (¢,1) = q and (g, 1) is the only point of E(%*~1) which is proximate to p when
i > 2. Clearly ht((q,i)) = i. By simplicity, set v,(F) = v, and &,(F) = ¢, for
q € IN(p).

In the case (a), since E? is not invariant, for all ¢ € EP, except for finitely many of
them g1, ..., qt, one has 14 (F, EP) = 0 so, by (2) for all i € N one has ¢(q,) (F, E?) =
0 and v, ;) + €(4,s) = 0. Moreover, by Lemma 3.1 there exists N € N such that
L(g;,N)(F, EP) =0 for all j € {1,...,t} and then v, ;) +€(g,,:) = 0 when i > N.
Now, we can construct a sequence of blowups like (4) with (g;,7) = Pn.(j—1)+is
je{l,...,t}, i€ {1,...7N}7 and son =N -t+ 1. Then

t
> (vg+eg) Z Vigssi) + E(api) = Vp — 1 — U(Fn, E(n))

q—p 1=0 j=1

(this last equality by Lemma 3.4, because in this case pr — p for all k € {1,...,n—
1}). We only need to show that ¢(F,, E(n)) = 0, which is clear since if x € E(n)
then either z = (¢,1), g; # ¢ € E?, or x = (¢;, N+1) and in both cases ¢, (F, E?) =
0.

In the case (b) let q1,...,q: be the singularities of F in EP. If ¢ € E?, q # ¢;
then (q,4) is a simple point for 7 > 2 and then v, +&, = 0 and v(g ) +¢€(4,i) —1 =10
for « > 2. By the Seidenberg theorem of reduction of singularities there exists
N € N such that (gj,1) is a simple singularity for j € {1,...,t}, 4 > N (since E? is
invariant by F if (¢, k) is a regular point or a simple smgularlty then (g, %) is simple
for all 4 > k) and therefore v, ;) +¢€(q,,5) — 1 = 0. Making a sequence of blowups
as in (a) and using the same arguments as above, one has:

Z (Vg +eq) + Z (Vg +e4—1)
q—p q—p
ht(q)=1 ht(q)>2

t N
( (¢;,1) T (g, 1) + Z V(gj.i) T E(q50) — 1)

j=1 =2

=vp+1—pu(F,, E(n))+

Thus one has to prove that u(F,, F(n)) > t and that the equality holds if F is a
generalized curve at p. If 2 € E(n) either x = (q,1), ¢ # ¢;, so z is a regular point
and g (Fpn, E(n)) =0or z = (¢;, N+1), j € {1,...,t} so z is a simple singularity
and p.(Fp, E(n)) > 1. Tt follows that

W(F B) = 3 pay ) (FLEP) > t
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Now, if F is a generalized curve at p then no one of the (g;, N +1) is a saddle-node
and fu(q; n+1)(F, EP) = 1 so the equality holds. |

Remark 3.6. Keeping the notations in the proof of Proposition 3.5, from the proof
of (b) of this proposition it is clear that if p,(F,, E(n)) > 1 for some z =
(gj, N + 1) then one has not the equality. More precisely, for each ¢ € EP set
rq = fi(q,N)(F, EP) — 1. This number is independent of N because (g, N) is a sim-
ple singularity, so v ;) = 1 for all i > N and then (g i41)(F, EP) = pq,s)(F, EP).
This means that r, = (limi_mo g,y (F, Ep)) —1. If ¢ is aregular point then r, = 0,
so the set of points ¢ € EP with r, # 0 is finite. The same demonstration as in (b)
of Proposition 3.5 gives us

ptl= Y (gtegtr)+ Y. (teg—1)

q—p q—p
ht(q)=1 ht(q)>2

and, finally, if F is a generalized curve at p then r, = 0 for all ¢ € EP.

Let us give an example where the inequality (b) of Proposition 3.5 is not an
equality. In a neighbourhood of p = (0,0) € C? we consider the foliation F,,,
1 < m € N, given by the differential form w,, = y™-dz — (z-y™ 1 +2™)-dy. There
are two singularities ¢1 and ¢» in EP; ¢; is a simple singularity with pq, (F, EP) = m,
so rq, = m — 1, and g2 is a singularity with v, = 1 and ¢,, = 1. The only point
in F% proximate to p is a regular point g3 so all the points “over gs3” which are
proximate to p are simple singularities and are not saddle-node, that is to say,
rg, = 0. The sum in all the ¢ — p is reduced to the sum in ¢;, g2 and g3 and we
have

(Vlh +EQ1)+(VQ2+EQ2)+(VQ3+EQ3 _1)
=1+0)+(1+1)+0+0-1)<m+1
=vp+1

and the difference is, obviously, m — 1 =rq, + 7¢,.

4. LOCAL INVARIANTS OF FOLIATIONS AND CURVES

Definition 4.1. Given ¢ € IN(p) we define p,(q) to be 1 if ¢ = p (i.e., if ht(g; p) =
0) and

pp(0) = > pp(x)
q—x
if ¢ # p. Let us remark that ¢ — x implies ht(x;p) < ht(q;p). If ¢ € IN(p) then
we define p,(q) to be 0.
(This definition can be found in [2]; note that ¢ — = means ¢ € E* N IN(p).
There can be also found, with a different proof, the second part of the following
lemma.)

Lemma 4.2. If p € S and g € IN(p) then:
(a) pp(q) is the number of finite sequences of points in IN(p) qo,q1,---,qx with
¢ — Gi+1, 9o = q and gk = p;
(b) if B is a branch passing through p such that, if x is the only point with x €
BNIN(p) and xz € E9, e;(p) =1 and I,(E?, B) = 1, then vp(B) = pp(q).
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Proof. Part (a) is an immediate consequence from the definition of p,(g). We will
prove the part (b) by induction on ht(g;p). If ht(¢;p) = O then it is trivial. If
ht(g;p) > 0, by (a) one has
pp(@) = pelq)
T—p
and, by the induction hypothesis, p;(q) = vx(B) (because ht(q;p) > ht(g; ) when
x — p) so by Remark 3.3 we are done. O

Definition 4.3. Let C be a reduced analytic curve in S and p € C C S. Given
A C IN(p) and a map ¢ : A — N, let us suppose that for each ¢ € A a subset
B, C E?is given and let ng be the cardinal of

{zeE?!/zeCNIN(p) and = ¢ B, }

(so ng is the number of tangent directions of C' at ¢ which do not correspond to
points in By). We will say that C is controlled by ¢ and {B}.ea iff ngy < ¢(q) for
all g € A.

Lemma 4.4. Let A be a finite subset of IN(p). Given ¢ : A — Z, if there is a
map £ : IN(p) — Z satisfying

(a) £(q) =0 if ht(q) > 0.
(b

; () if q & A,
l(q) =
; lz) +p(q) ifqeA,

then £(p) =3 ,ca Pp(@) - (q).
Proof. Let N € N be such that ht(q) > N implies £(qg) = 0 and ¢ ¢ A. We will
prove that if ¢ € IN(p) with ht(q) < N then
U= pyla)- o),
z€ANIN(q)

and we will do it by induction in N — ht(q). If ht(¢) = N everything is zero and
the equality holds. Now, if ht(¢) < N we consider two cases: ¢ ¢ A and ¢ € A.
If g ¢ A then

U =D @) => " D ply) 0y

z—q z—q \yEANIN(z)

where the second equality holds by the induction hypothesis. Since g € A one has
U, ANIN(z) = ANIN(q) so

gy = <me(y)>-w(y)= > ) o)

yEANIN(q) \z—q yEANIN(q)

and we are done.
If g € Athen
one has

ANIN(z) = ANIN(q)—{q} so, by the induction hypothesis,

r—q
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W)= Y. pe+e@= D pgy) o)

yE€ANIN (q¢)—{q} yEANIN(q)

where the last equality holds because pq(g) = 1. O

Proposition 4.5. Let S be an analytic manifold of dimension two, p € S and F
a foliation by curves of S. Consider the set D = {q € IN(p) / €4(F) = 1} (by
Seidenberg theorem it is a finite set). For each q € D let

Bq(}—):{xEEq/sm(]—_,p)Zl}

(since ¢ € D, x € By(F) iff x corresponds to a tangent direction of an exceptional
divisor passing through q and invariant by F). Given a map ¢ : D — N let C be a
reduced analytic curve passing through p which is invariant by F and controlled by
¢ and {By(F)}qen. Then

vp(F) +1+4£6,(4, F) 2 1(C)

where £,(¢, F) = ;Dpp(LI) - ¢(q) and p(q) = max(0, p(q) + s4(F,p) —2).

Proof. We will prove that for all ¢ € IN(p) one has
Vg(F) + 1+ Lg(9, F) > v4(C) + s¢(F, p)

where £4(¢, F) is inductively defined to be 0 if ¢ is a simple or nonsingular point of
F and

> (9, F) ifq ¢ D,

r—q

ly(0, F) =
> lao(d, F)+0(q) ifqgeD

r—q

otherwise. By Lemma 4.4, when ¢ = p we have the required inequality as, trivially,
sp(fv p) =0.

We denote by s(g) the number of blowing-ups that are needed to solve the
singularity of F at ¢g. Note that ¢ — z implies s(z) > s(q) if s(z) > 0. We will
use induction on s(g). Let us remark that v4(C) + s4(F,p) is the multiplicity at
q of the union of some branches invariant by F (corresponding to branches of the
strict transform of C' or of the exceptional divisor). If s(¢) = 0, so £4(F, ) = 0,
then either g is a regular point, so there is only one invariant curve passing through
¢ which is nonsingular and v,(C) + s4(F,p) < 1 = v,(F) + 1, or ¢ is simple, so
the invariant curve passing through ¢ is nonsingular or has a nodal singularity and
again v, (C) + sq(F,p) <2 = vp(F) + 1. If s(g) > 0, by the induction hypothesis,
the inequality holds for all x — ¢. We have two cases to consider, ¢ ¢ D and ¢ € D.
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If ¢ ¢ D then
v(F)+1 > Y P reaE)+ Y elF) +eaF) - 1)
=1 )22
> Y (a(O) + sa(Fop) — Ll F,0) — 1+ ex(F))
Mot
+ Y ((C) + sa(Fop) — bulF d) — 1+ 22(F) = 1)
h@?zz

= > w0 =Y lL(F.o)+K
b’ b’

= 1 (C) =l (F,¢)+ K

where
K= Y (@@ +sFEp-D+ > () +s5(Fp)-2)
=1 )22

so we only need to check the equality K = s4(F,p). Let us remark that + — ¢ and
q ¢ D implies s,(F,x) > 1. Now, recall the notation of the proof of Proposition
3.5 and for each x — ¢ write x = (y,4), y € E9, i = ht(x;q). Then

K= Z (sy(F,p) — 1)+ Z Z(E(y,i—l)(]:) + S(y,1)(Fsp) — 2)

yeE yeEY i>2

and for each y € E9, i > 2, one has g(,,;,_1)(F) + 5(y,i)(F,p) = 2 because (q,1) €
E(27=1) Finally, the number of points y € E9 such that sy(F,p) —1=1Iis exactly
sq(F,p) (the points corresponding to the tangent spaces of the exceptional divisors
passing through ¢ and invariant by F).

Now, suppose ¢ € D, and set

H={yeE/v,(C)>1}U By(F)

which is a finite set. One has #(H — Bq(F)) < ¢(q) as C is controlled by ¢ and
{By¢(F)}qep. From the definition of H, if + — ¢ with v;(C') # 0 then there are
y € H and ¢ € N with z = (y,1%) so

vg(C) =D va(C) =D vy5(C).

z—q yeH i>1

Since £, (F, ¢) > 0 for all  one has

Y (F0) = DY Uy (Fo o).

r—q yeH i>1
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Thus, one gets

ve(F)—1

Z Vac(f) +Ew(f)

r—q

SN vy (F) + e (F)

yeH i>1

SO v (©) + 84,0 (Fop) = Lyiy (Fo 6) — 1+ £y (F)

yeH i>1

> UQ(C) - Z ﬂw(}—v ¢) + Z Zs(y,i)(fvp) +E(y,z)(f) - L

z—q yeH i>1

Y

Y

Now, ¢ € D implies s, ;(F,p) +€(y,i—1)(F) = 1 s0
DD swaFp) Fea(F) 1= sy(F,p) = 1> —¢(q)

yeH i>1 yeH

and we can conclude

v(F) =12 vy(C) = Y Lu(F, 6) — 6(q)-
T—q
The required inequality follows immediately from the above one and the inductive
definition of £4(F, ¢). O

Corollary 4.6. Assume that p € S is a nondicritical singularity of F and let
C be a reduced analytic curve passing through p which is invariant by F. Then
vp(F) +1 > 1,(C).

Moreover, if F is a generalized curve at p and C' is the union of all the invariant
curves passing through p then the equality holds.

Proof. Since in our case D = () the first part is clear. When F is a generalized curve
at p and C' is the union of all the invariant curves then F is a generalized curve
at ¢ and the union of all the invariant curves passing through ¢ is the union of the
strict transform of C' and the exceptional divisors passing through ¢, for all ¢ — p.
Then we can apply induction: if ¢ is a regular point or a simple singularity then
the equality is easy; in the other cases by repeating the proof of the proposition
(we only need to consider the case ¢ € D) one sees that, now, all the inequalities
are equalities (recall that in (b) of Proposition 3.5 the equality holds in the case of
generalized curve). O

Remark 4.7. This corollary generalizes a classical result by Dulac [9] which says
that, given S and F as in the proposition, if there are more than v, (F)+1 invariant
irreducible curves passing through p € S then there are infinitely many. Our
corollary is equivalent to saying that if there is an invariant curve with multiplicity
greater than v,(F) 4+ 1 (and we can take the union of the irreducible curves) then
there are an infinite number of invariant curves passing through p. In [8] Cerveau
and Mattei gave a proof of the result of Dulac by induction on s(p). This is possible
because if p satisfies the hypothesis then there is some point in EP satisfying also
those hypotheses; however note that such a property is not clear with the hypothesis
of the statement obtained from our corollary. In our case, the proximity formula
allow us to use the method of induction.
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The last part of Corollary 4.6 is proved in [2]. In fact, as A. Lins Neto pointed
out to us, the first part can be proved too using results of [2] (with a simple
generalization of the arguments given there to prove the second part).

5. BOUNDING THE DEGREE

Lemma 5.1. Let F be a foliation by curves of an analytic two-dimensional man-
ifold S, C a curve of S invariant by F, p € C, f(x,y) € C{z,y} a local reduced
equation of C at p, G the foliation of a neighbourhood of p given by df and C{p}
the set of branches of C' passing through p. If £ : IN(p) — Z is a map such that
{g € IN(p) / £(q) # 0} is a finite set and

Vg(F) + 14 4(q) = v4(C) + 54(F,p)

for all g € IN(p) then

> m(FB) = > mp(G.B) =~ Y w(C)-L(g).

BeC{p} BeC{p} g€IN(p)

Proof. Let By, ..., B; be the branches of C' at p and p;; the only point of IN(p)
such that ht(p;;) = j and p;; € B; (we can have p;; = p; with k # ¢). For the sake
of simplicity let

pi = pp(F; Bi) = pp(G, Bi)

and

t

,U':Z,ui: Z :U“P(va)_ Z :up(ng)'

=1 BeC{p} BeC{p}

We recall that p is a nondicritical singularity of G and G is a generalized curve at
p so it has the same property at all the points of IN(p); by Corollary 4.6 we have
vg(G) = vg(C) +eq(p) — 1 for all ¢ € IN(p). After a repeated application of (1) one
obtains

N-1
Hi = Z Vp,i; (BZ) : (V;Dij (f) — Epij (}—) — Vpy; (C) — €py; (p) + 1)
j=1
+ Hpin (}—7 Bi) ~ Hpin (g7 Bi)'

If N > 0 then p;y is a simple singularity of 7 and G (from the Seidenberg theorem
it is a simple singularity or a regular point, but B; invariant and p;; regular implies
Dij+1 simple) SO

Hpin (fv BZ) >1= Hpin (gaBl)
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(G is a generalized curve at p). Thus, from the hypothesis assumed on ¢, for N > 0
one has

z
L

1

M-

N
Il
-
<.
I
=

VpL] (B ) (VpL] (f) - Epij (}—) - I/quj (C) - ep'ij (p) + 1)

=
L

]~

Vpij (B’L) ' (6%]‘ (f) - epij (p) + Spij (fv p) - é(p”))

.
=+

—
Z <.
[l
_

Y

—Vp,; (B ) g(plj)

s
Il
-

<.
Il
-

N—
+ Z Vp,; (Bi) - €piy (F) = vpy, (Bi) - p”(}— p)

MH

i=1

We can assume, taking N greater, if it is necessary, that e, (F) = s, (F,p) =0
when j > N. Since v4(B;) # 0 implies ¢ = p;; for some j, one has

Z VpL] " Epij (f) — Vpy; (B ) p” (f p)

= Z Vq(Bi) - €q(F) — vq(Bi) - s (-7: p)-

q€IN(p)

Now, let D be as in Proposition 4.5; that is to say, ¢ € D iff ¢4(F) = 1. Since
si.(F,p) is the number of ¢ € D such that z — ¢, by Remark 3.3, one has

S (B S(Fp) =)D va(Bi) =Y vg(B)= Y vg(Bi)-q(F).
xzE€IN(p) geD z—q q€D q€IN(p)

Then we are done because for N > 0 one also has ¢(p;;) = 0 and so

t N—1
2 2 Z Upu pl])
i=1 j:l
= —Z > v(Bi)-Ug)
i=1 qgeIN(p)
= = ) (0
qeIN(p)

|

Definition 5.2. Given p € S, the blowup 7 = 7P : SP — §, and a number v € Z,
let C' C S be a curve not necessarily reduced with v,(C') > v. The virtual transform
of C' with virtual multiplicity v is the curve

C = CP + (1(C) — v)EP;
that is to say, if f € Og, is a generator of the ideal of C' at p, p’ is a point of
SP, t € Ogp  is a generator of the ideal of the exceptional divisor EP of 7 at p/
and 7 : Ogp, — Ogp p is the map induced by 7 (we recall that the ideal of 7*C
is generated by 7*(f) and t=*»(€) . 7*(f) is a generator of the ideal of the strict
transform CP of C') then the ideal of C' at p’ is generated by ¢t~ - 7*(f).
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Now, take ¢ : IN(p) — Z such that {¢g € IN(p)/¢(q) # 0} is a finite set. We will
call height of ¢ to the maximum of ht(q;p) when ¢ € IN(p) and £(q) # 0. Given a
curve C' C S and ¢ as above, we are going to say (by induction on ht(¢), the height
of £) when C' goes through the points of IN(p) with the virtual multiplicities given
by ¢, or, in short, C goes virtually through ¢£. When ht(¢) = 0, C goes virtually
through ¢ iff v,(C) > ¢(p). When ht(¢) > 0 let p1,ps,...,p; be the points of EP
with £(p;) # 0 and let ¢; be the restriction of £ to IN(p;), for i = 1,...,¢; then
C goes virtually through £ iff 1,(C') > £(p) and the virtual transform C of C' with
virtual multiplicity £(p) goes virtually through ¢; for every i € {1,...,¢} (note that
this makes sense because ht(¢;) = ht(¢) —1).

Remark 5.3. The last definition can be found in [6], and it is proved there ([6,
Lemma 8.3]) that if C' and D are curves of S without common components, p a
point in C'N D with v,(D) > v, and D is the virtual transform of D with virtual
multiplicity v then one has

I,(C,D) =v,(C) v+ > I,(CP, D).
qeEEP

If D goes virtually through ¢ then a recursive use of this result give us

L(C.D)= Y v(C) ).

q€IN(p)

If p1,...,p: are points of P% and A = Uzzl IN(p;), given a map ¢ : A — Z such
that the set {q € A/¢(q) # 0} is finite, let ¢; be the restriction of £ to IN(p;) and
let Hy(a) be, where a € N, the linear system of projective plane curves of degree
a such that its germ at p; goes virtually through ¢; for all i € {1,...,t}. One has
a coherent ideal sheaf 7, C (’)P% such that the fiber 7, ,, consists of the germs at
pi going virtually through ¢; for i = {1,...,t} and Zp, = Opz , if p & {p1,..., pt}-
The discharge principle (see [6]) says that the function £ can be replaced by another
one ¢ such that Z, = Z,» and ¢’ satisfies the following proximity inequalities:

OB

Tr—q

for any g € A and ¢'(q) > 0 for every g € A. Moreover, ¢ can be computed from ¢
by an easy algorithm and ¢’ is uniquely determined by £.

For each a € N, the global sections of the sheaf Z;(a) = Z, ® Opz(a) are nothing
but the polynomials of degree a giving the curves in the linear system Hy(a). By
Serre’s theory, the ideal sheaf Z;(a) is generated by its global sections for a large
enough. In the situation of the theorem below we will only need the less restrictive
assumption that H (PZ,Z;(a)) # 0 for some a. In general, the search for such an
integer a with small value depends on the position of the points p; and g € IN(p;)
with £(¢) # 0. Some formula for a with H° (PZ,Zy(a)) # 0 can be given. In fact,
from the exact sequence

0 — H° (P2, Zy(a)) — H° (JP%, Opé(a))

Op2
— HY (P%, I[ZC (a)) — Ht (P%,Zg(a,)) — ...
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it follows that

. a+1)-(a+2 b Op2 .
dime H° (]P’%,Ig(a)) > %() — Zdlmc (i) .

Now, from the Hoskin-Deligne formula (see [10] and [11]) one has

. Op2p,\ U(q) - (¢'(q) +1)
dim¢ <T>_ Z —_—

sPi 2
q€IN (pi)

where ¢ is the functor obtained from ¢ by the discharge principle (this means that
the conditions imposed by ¢’ are independent on the germs at p;). Thus, one has

(a+1)-(a+2) $ t'(q) - (U'(g) +1)

dime H (PZ, Zy(a)) > 5 5 ;

geA

and H° (P2, Zy(a)) # 0 if the right-hand side member of above inequality is positive.
Finally note that H' (P%,Zy(a)) = 0 for a > 0, so for such a the conditions
imposed by ¢ on the polynomials of degree a are independent.

Theorem 1. Let F be a foliation by curves of P%, C' a reduced projective plane
curve invariant by F, A = U,csr)nc IN(p) and £ : A — N a map such that
{q € A/l(q) # 0} is a finite set and

Vg(F) + 1+ L(q) = v4(C) + s¢(F,pg)

for all g € A, where p, € S(F)NC is given by g € IN(pg). Let a € N be such that
the linear system Hy(a) is nonempty. Then one has

9°C <9°F+2+a.

Proof. Take homogeneous coordinates {Xo, X1, X2} of PZ such that #(C'N L) =
0°C and Lo, N S(F) = 0, where Ly, is the line Xo = 0. Let F € C[Xy, X1, X2]
be a reduced homogeneous equation of C; then F(%, %, 1) gives us a polynomial
function f from the complement of L. We denote by G the foliation of PZ which
extends the foliation given by df. Now, by (5), since 9°G = 3°C — 1, we have

w(F,C) = u(G,C)=0°C-(0°F+1-0°0C).

Given p € C, p ¢ S(F) we have two cases. If p & Lo then v,(C) =1 (because a
curve invariant by a foliation cannot be singular at a regular point of the foliation;
we remark that C' is the only branch of C' at p and p,(F,C) makes sense) so
wp(F,C) = pp(G,C) = 0. In the other case, if C' N Loo = {p1,p2,-..,Pm} (s0
m = 0°C) we claim that y,, (G,C) =1 fori = 1,...,m (we recall that C is regular
at p;). The curves {F(Xo, X1, X2) — A - X3* = 0}, where A € C are invariant ones
by G so if one takes in p; the local coordinates {x = §—f, y = F(%, 1, %)} (here we
suppose X1(p;) # 0) then the curves y — - 2™ = 0 are invariant by G. This means
that G at p; is given by m -y - dz — x - dy and C is given by {y = 0} so a simple
computation gives us pp, (G,C) = 1. Since p; € S(F) we have p,, (F,C) = 0.

Now, take D € Hy(a). First assume that D and C' have no common component.
For each p € CNS(F) let C{p} be as in Lemma 5.1, and apply this lemma, Remark
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5.3 and the Bezout theorem. Then one gets

—a-0°C = - Y IL(CD)
peECNS(F)
< = X D wl0) i)

peECNS(F) qeIN(p)

> S w(FB) - Y 1,(G.B)

peCNS(F) \BeC{p} BeC{p}

IN

0°C- (" F+1-0°C)+ Y _1,(G.0)
i=1

= 9°C-(0°F+2-09°C)

and the required inequality holds because 0*C > 0.

In the general case, since C' is reduced, we can write D = B+D’ and C = B+C’
where D’ and C’ have no common component. Put «’ = 9°D’ andso 0°B =a—d’
and 9°C" = 9°C'—a+a'. Consider the map £ : A — Z given by £(q)+v4(B) = £(q).
It is clear that C satisfies the inequalities

Ve(F) 4+ 1+ 0(q) > vg(C") + 54(F,pq)

for every ¢ € A and it is also clear that D’ € H;(a') and so Hj(a’) # 0. This means
that C’, £ and o’ satisfy the hypothesis of the theorem and, taking D’ € Hj(a’), we
are in the precedent case so one can conclude

0°C—a+d =0"C'"<9°F+2+d
and the theorem is proved. O

Remark 5.4. The above theorem reduces the problem of bounding the degree of
invariant curves of a foliation to the well known problem of imposing singularities
on projective plane curves if we are able to give the function ¢. This remark and
the following one show two ways to use the theorem.

The first way is looking at the singularities of the foliation and trying to give
a bound for the degree of the invariant curves in a certain class. For instance, if
S(F) ={p1,...,p+} and for each i, taking D; = {q € IN(p;)/eq(F) = 1} and fixing
functions ¢; : D; — N, then assume that at p; the invariant curve C' is controlled by
¢; and {B,(F)}qep, as in Proposition 4.5, for all ¢+ € {1,...,t} (roughly speaking,
if we limit the number of branches of C passing through each point with dicritical
blowup). Then the theorem allows us to reduce the global problem of bounding
the degree of C to the local one studied in the previous section. Thus, the proof of
Proposition 4.5 tells us that, for all ¢ € A = Ule IN(p;), one has

Vg(F) + 1+ Ly(bigg), F) = v(C) + 54(F, picq))

where i(q) € {1,...,t} is given by g € IN(p;(q)). If we take £(q) = £y(¢i(q), F) the
hypothesis of the theorem is fulfilled and we can compute a from ¢ (so we bound
the degree of C).

For instance, given p,q € N with ¢ < p, 1 # ¢ # p — 1, take the foliation 7, 4
given by the homogeneous differential form

Wpq=p-Z-Y-dX —q-Z-X-dY +(q—p)-Y -X-dZ
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Then F, , has three singular points, p1 = [1;0;0], p2 = [0;1;0] and p3 = [0;0; 1],
and D; = () and Dy and D3 have exactly one point. Let ¢; be the only point
of D;, i = 2,3, and take ¢2(g2) = ¢3(gq3) = n. Since 1 # ¢ # p — 1 we have
Sq;(Fp.q»pi) = 2 (and this simplification in the computation is the only reason
to impose that condition) so for each ¢ € IN(p;) we have (see Proposition 4.5)
Uq) = Ly(Fpgs®i) = pg(qi) - m, i = 2,3; in particular, £(p2) = (p — ¢) - n and
£(p3) = g-n. One can see that all the curves given by [[}_, (X?—X;- Y. ZP~9) = 0,
Aly--s A € C, belong to Hy(n - p), so we can take a = n - p. We obtain that
9°C <n-p+3 (because 0° Fp, = 1).

Since the foliation F,, 4 is well known, we can check the kindness of the bound.
The algebraic curves invariant by the foliation are the curves given by X\ - XP — -
Y1.2P79 X\ u € C, and the three lines given by X, Y, and Z. The possible curves
controlled by ¢o at ps and by ¢s3 at ps are the union of, at most, the three lines
and n curves of degree p, so the bound can be realized.

Finally, in the general case with S(F) = {p1,...,p:}, if one has D; = () for
i = 1,...,t (that is, if all the singularities are nondicritical) then one can take
¢ =0 (Corollary 4.6) , a can be taken to be 0 and we recover the result of [5] as a
particular case of the theorem.

Remark 5.5. The second way is predetermining the singularities of C'. For instance,
assume that {p1,...,p;} is the set of dicritical singularities of F (by the last remark
we don’t need to consider the nondicritical ones), and that respective equisingularity
types (see [15]) Th,...,T; are fixed at the points pq,...,p:. Let C be a reduced
curve invariant by F and having equisingularity type T; at p; for everyi = 1,2,...,t.
For each ¢ € A = |JI_, IN(p;) let i(q) be the element of {1,...,t} given by ¢ €
IN (pi(q)) and consider the function £ : A — N given by £(q) = v4(C) — 2+ eq(pi(q))
if v4,(C) > 1 and £(q) =0 if v,(C) = 0.

Since C has an embedded resolution of singularities, it is clear that ¢(q) = 0
except for finitely many points g. Moreover, if ¢ € CNIN (p;q)) then s,(F, pi(q)) #
0 implies v4(F) > 0 (because C' is invariant by F) so one has

1+ SQ(]_—upi(q)) < eq(pi(q)) + vg(F)
for every ¢ € C'N IN(p;(q)), and, hence
Vq(C) =+ Sq(]:api(q)) < Vq(]:) +144(q)

for every ¢ € A (it is easy to see that the inequality also holds when v,(C) = 0).
Now, since T; is fixed, one can find an integer b;, depending only on 7T;, such
that mgi C Zyp,, mp, being the maximal ideal of the local ring Opz ;,,. Thus, if
¢* . A — N is given by £*(p;) = b; and £*(¢) = 0 elsewhere, one has Z;» C 7, and
if a is an integer such that the linear system Hy-(a) is nonempty, then one can
conclude

9°C<9°F+2+a.

Thus one gets a bound which depends only on F and the predetermined equisin-
gularity types.

For concrete types of singularities the integers b; are not difficult to compute.
Thus, if T; is an ordinary singularity of multiplicity at most n; then b; = n; — 2. In
particular, if C' has only nodes as singularities one has ¢ = £* = 0, a can be taken
to be 0 and we recover the bound given in [7]. If T} is a singularity of type Agp+1
(i.e., analytically isomorphic to y? — 22T = 0), then, if g9 = pi,q1,... denotes
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the successive points in IN(p;) N C (i.e., ¢; is the only point in C N IN(p;) with
ht(q;) = i), one has ey, (p;) = 1 for every j except eq,(p;) = 0 and eq, ,, (pi) = 2,
so one has ¢(q1) = -+ = l(qu—1) = l(qr+1) = 1 and {(g;) = O elsewhere. By the
discharge principle one finds ¢'(qo) = ¢'(¢1) = --- = ¢'(gr—1) = 1 and ¢'(g;) = 0 for
j > k so one can take b; = k. If T; is of type Agy (i.e., analytically isomorphic to
y? — 2% = 0) then as above one has £(qo) =0, £(q1) = -+ = l(qe—1) = 1, £(g;) =0
for j > k; so, by the discharge principle, ¢'(q0) = ¢'(¢1) = -+ = /(gx—2) = 1 and
one can take b; = k — 1.
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